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In this paper, we prove the existence of nilpotent Killing structures and F-structures on
collapsed Riemannian orbifolds. Therefore a suﬃciently collapsed orbifold X is the union of
orbits, each orbit is an infranil orbifold of positive dimension; in particular, the F-structure
provides a decomposition of X into compact ﬂat orbifolds.
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0. Introduction
A manifold Mn is collapsed, if its injectivity radius is suﬃciently small while its curvature remains bounded. On such
manifolds, in [7] Cheeger and Gromov proved the existence of F-structure of positive rank. An F-structure is a generalized
torus action on M , so that M is partitioned into the union of orbits. Each orbit is a ﬂat manifold, representing directions in
which the manifold is most collapsed, i.e. in the scale of injectivity radius. The minimum dimension of the orbits is called
the rank. With an F-structure, by shrinking certain orbit directions (and possibly expanding the orthogonal directions), one
gets a sequence of metrics of bounded curvature, with injectivity radius goes to 0. See [6].
Subsequently, the notion of F-structure was generalized to include all collapsed directions; this is the nilpotent Killing
structure of Cheeger, Fukaya and Gromov; see [5]. The orbits of a nilpotent Killing structure are infranilmanifolds. Recall that
a nilmanifold, Γ \N , is the quotient of a simply connected nilpotent Lie group N by the left action of a discrete, uniform
subgroup Γ ; infranil manifolds are quotients of nilmanifolds by the action of a ﬁnite aﬃne transformation group. Roughly
speaking, F-structure corresponds to the center of nilpotent Killing structure.
In this paper, we consider (locally oriented) orbifolds. Orbifolds appear naturally as possible degeneration of Einstein
manifolds, see [2]. A Riemannian orbifold is a metric space X , so that for any x ∈ X , there is a manifold that contains a
metric ball Bs(x)(x˜) of positive radius 0< s(x) 1, and a discrete group Gx ⊂ SO(n) acting on Bs(x)(x˜) by isometry, so that
Bs(x)(x) = Gx\Bs(x)(x˜), Gx · x˜ = x˜. (0.1)
We say x ∈ X is regular, if |Gx| = 1; otherwise x is singular. In general, an orbifold is not globally a quotient of manifold by
group action. If the orbifold is a global quotient, it is good; otherwise it is bad. For example, the teardrop, a 2-dimensional
orbifold, is bad. See [21].
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∣∣K
(
x˜′
)∣∣ C, for all x ∈ X, x˜′ ∈ Bs(x)(x˜). (0.2)
This is different from the notion of bounded curvature in Alexandrov spaces.
Following [5], we say that an orbifold X admits a nilpotent Killing structure, if for any x ∈ X , there is a neighborhood Ux ,
and a manifold Uˆx so that U is the quotient of Uˆx under the action of a discrete group Λ of isometries; and the following
are satisﬁed:
(i) On Uˆx there is a Lie group Nx ⊃ Λ acting by isometry. Nx has ﬁnitely many components, its identity component N0 is
nilpotent. Such an action is effective modulo possibly a ﬁnite group K , which gives a local (i.e. inﬁnitesimal) action of
N0 over Ux .
(ii) On Ux ∩ U y , one of the inﬁnitesimal actions, say of Nx , is a subaction of the inﬁnitesimal action of the other, Ny .
An orbifold X as above admits a partition into union of orbits; each orbit is the quotient of a nilmanifold under the (not
necessarily free) action of a ﬁnite group of aﬃne transformations. In particular, orbits can have topological singularities.
First, we prove the existence of nilpotent Killing structures on collapsing orbifolds. This generalizes the theorem on
collapsing manifolds of [5].
Theorem 0.3. For any L > 0, there is  = (n, L), so that if X is an orbifold satisfying |K | 1, and the orders of all groups Gx in (0.1)
have a uniform bound,
|Gx| L, (0.4)
and for all x ∈ X,
Vol
(
B1(x)
)
 (n, L), (0.5)
then X admits a nilpotent Killing structure of positive rank.
Nilpotent Killing structure (and F-structure) can be formulated in the language of sheaf, see [6]. Assume there is a sheaf
c of abelian Lie algebras on the regular part X0 of an orbifold X , so that for any x ∈ X0, there is a neighborhood Ox with a
homomorphism from the space of sections, c(Ox), to the space of vector ﬁelds on Ox . This generates a local action of c. We
have an F-structure, if for any x ∈ X , there is a neighborhood Ux , a manifold Uˆx (maybe incomplete) and a ﬁnite, discrete
group Dx of isometries on Uˆx , so that Ux = Dx\Uˆx , and the lifted action of c is the action of a torus Cˆ on Uˆx .
Theorem 0.6. Under the assumption of Theorem 0.3, X admits an F-structure of positive rank as a substructure of nilpotent Killing
structure.
This generalizes the manifolds case [7]. For the proofs, we will follow the arguments of [5]. In Section 1 we discuss the
basic frame bundle structure on orbifolds; then we construct the nilpotent Killing structure (Theorem 0.3) in Section 2, and
the F-structure (Theorem 0.6) in Section 3. The bound (0.4) is necessary for showing that the structure is of positive rank,
see Example 1.14.
Example 0.7. Regard Tn as the product [−1,1]n with opposite faces identiﬁed. Quotient by the Z2 action, x → −x, we get an
orbifold X with 2n many singular points. When n = 2, X is the double of a square, with four metric singularities. Therefore,
unlike the manifold case, [6], the presence of a nilpotent Killing structure (or an F-structure) on X does not imply that the
Euler characteristic of X is 0.
Theorem 0.3 does impose certain topological restrictions on collapsing orbifolds. For example, under the assumption
of Theorem 0.3, if a singularity x is isolated, then there is a universal bound |Gx| < (2π/0.47)n(n−1); details will be given
in [12].
1. Fibration structure on frame bundles
For any x ∈ X , let d(x) be the maximal distance, so that Bd(x)(x) ⊂ X , and there is a (possibly incomplete) manifold Mx
on which a discrete, but possibly inﬁnite, group Gx acts by isometry, so that
Bd(x)(x) = Gx\Mx. (1.1)
The group Gx in (0.1) can be embedded into Gx . Deﬁne
r(x) = min{1,d(x)}. (1.2)
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strip [0, 1n ] × [0,∞).
Lemma 1.3. Assume (0.5). Then
Vol
(
Br(x)(x)
)
 Ψ ()r(x)n. (1.4)
Here Ψ () is a constant depending on  , so that lim→0 Ψ () = 0.
Proof. If r(x) c(n, ), then the conclusion is automatically true.
Assume there is a sequence of orbifolds (Xk, xk) with r(xk) → 0 while the ball Br(xk)(xk) is not collapsed. We rescale the
metrics by r(xk)−2. Since there is a lower bound in volume, we can assume that the rescale sequence converges to a ﬂat
orbifold (E, y). See the compactness theorem [15], Section 1 of [20], and [11]. See also a very recent paper, [19].
Pick a regular point p ∈ E . Following [21] (see also the proof of Theorem 8.10 in [9]), we deﬁne the develop map exp
from (Rn,0) to (E, p): identify Rn with the tangent space of E at p; we deﬁne, for a ∈ Rn ,
exp(a) = γ (1), (1.5)
here γ : [0,1] → X is the geodesic in X starting at p, with γ ′(0) = a. γ exists as long as it stays in the regular part of X .
When γ hits a singular point z, then there is a neighborhood O z of z so that O z = Gz\Bs(z˜) as in (0.1); lift γ to γ˜ in Bs(z˜),
we extend γ˜ and then project it back to O z . So γ is well deﬁned.
Since p is a regular point, if p˜1, p˜2 ∈ exp−1(p), we can identify a neighborhood of p˜1 with a neighborhood of p˜2; apply
the develop map, we get an isometry of Rn . These isometries form a discrete group G . E is the quotient of Rn under the
(not necessarily free) action of G . When k is suﬃciently large, topologically B2(xk) is homeomorphic to B2(y) ⊂ E , thus it
is homeomorphic to the quotient of an open set M in Rn by the action of G . Pull the metric on Xk back to M , then B2(xk)
is isometric to G\M . This contradicts the fact that r = 1 is the maximum scale at which such action exists. 
Develop map can also be used to prove the relative volume comparison on X . See [20].
The smooth part X0 of X is open and dense. Consider the frame bundle π : F X0 → X0. The Levi-Civita connection deﬁnes
the horizontal spaces H in F X0. Take the standard metric on F X0 so that the projection π : F X0 → X0 is a Riemannian
submersion and π∗ restricted on H is an isometry. Deﬁne the frame bundle F X over X to be the metric completion of F X0.
Pick any metric ball Bs(p) ⊂ X so that Bs(p) = Gp\Bs(p˜) as in (0.1). Lift the action Gp to the frame bundle F Bs(p˜) over
Bs(p˜). So locally F X is the quotient of F Bs(p˜) by the lifting action of Gp . It is well known that the lifting action of Gx is
free, so F X is a smooth manifold. We have SO(n) ﬁbers over X0; over a singular point the ﬁber is SO(n) quotient by the
(left!) action of Gx . Write
F X(x, r) ⊂ F X (1.6)
for the frame bundle over Br(x) ⊂ X .
By standard smoothing methods, when the sectional curvature is bounded by 1, we can replace the original metric by a
nearby metric so that
∣∣∇ jRm∣∣ c(n, j), j = 0,1,2,3, . . . (1.7)
See [1,18], cf. [5]. By the O’Neill formula, [3], under the bound (1.7), the metric on F X has a uniform curvature bound, c(n).
Lemma 1.8. There is a natural (not free) action of SO(n) on F X.
Proof. For γ ∈ Gp , any frame u at y˜, assume γ ( y˜,u) = (z˜, v). The action of Q ∈ SO(n) moves ( y˜,u) to (z˜,uQ ); since γ is
an isometry on Mp , we have γ (x˜,uQ ) = ( y˜, vQ ). So the action of Gp commutes with that of SO(n). Thus the SO(n) action
descends to Gp\FMp , which is locally isometric to F X . 
From now on, we will rescale Br(x)(x) ⊂ X so that
r(x) = 1. (1.9)
By Lemma 1.3, X is still collapsed at this scale. So F X is also collapsed. After taking pointed limit, by the Gromov compact-
ness theorem, we can assume that F X(x,1) is close to a metric space Y j , of lower dimension j < n(n + 1)/2.
Lemma 1.10. Y j is a smooth (incomplete)manifold.
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its tangent space T Mp˜ at p˜ by the exponential map. Br(p˜) ⊂ Mp is the quotient of Br(pˆ) ⊂ T Mp˜ by the pseudo-fundamental
group Π , as deﬁned in [14]; here pˆ is the origin in T Mp˜ . We assume r = 1; see (1.9). Pull the frame bundle back to Br(pˆ) ⊂
T Mp˜ , we get Fˆ M(pˆ, r), a local covering space of FM . Topologically Fˆ M is Br(pˆ) × SO(n), where Br(pˆ) is diffeomorphic to a
Euclidean ball. We have a sequence of maps
Fˆ M(pˆ, r) −→ FM(p˜, r) −→ F X(p, r). (1.11)
Lift the action of Π to Fˆ M , so Br/2(u) ⊂ FM is the quotient of Br(uˆ) ⊂ Fˆ M under the lifted pseudo-fundamental group Π˜ .
Here u ∈ FM is a frame; uˆ is (any one of) its pull back in Fˆ M .
Lift each γ ∈ Gp as a local isometry on Br(pˆ) ⊂ T Mp˜ ; see (1.1). Then we get a lift γ˜ : Fˆ M(pˆ, r) → Fˆ M(pˆ, r):
Fˆ M(pˆ, r)
π
γ˜
Fˆ M(pˆ, r)
π
Br(pˆ)
γ
Br(pˆ).
(1.12)
Denote by G˜ p the set of all such lifts γ˜ . Thus, Π˜ and the set G˜ p generate a discrete set Θ of isometries from Br/2(uˆ) ⊂ Fˆ M
to Br(uˆ) ⊂ Fˆ M . So the ball, Br/2(u) ⊂ Gp\FM , is the quotient of Br(uˆ) ⊂ Fˆ M by the action of Θ . Θ is not a group, but a
pseudo-group as in [13].
Every element in Θ is obtained by lifting some local isometry on T Mp˜ (tangent space of Mp with pull back metric) to
Fˆ M via differential, so elements of Θ act on Fˆ M freely, and satisﬁes the Harnack inequality
infd(w, θw) cn supd(w, θw), for any θ ∈ Θ, w ∈ Fˆ M. (1.13)
By the equivariant Gromov–Hausdorff compactness theorem, [16], the limit Y is the quotient of a manifold under the free
action of a closed local Lie group (i.e. a Lie group germ), so Y is a manifold. See [14]. 
Example 1.14. Let Z/kZ act on R2 by rotation, z → e2π
√−1/kz. Denote by X the quotient, which is a cone. If we let k → ∞,
the orbifold X and the bundle F X will collapse. X converges to a ray and F X converges to R2.
Assume Y is of dimension j locally. Since we did the rescale (1.9), we have to take pointed limit, and could get limits Y
of different dimensions at different base points. As in Section 5 of [5], we can assume that away from ∂Y , the injectivity
radius ι j of Y j satisﬁes
ι j  c0r(x), (1.15)
(otherwise, by taking limit we can assume Y is of a lower dimension). By the ﬁbration theorem, [5, p. 337], [13], there is
an SO(n)-equivariant ﬁbration
Z −→ F X(x, rx) −→ Y . (1.16)
Moreover, the second fundamental form of the ﬁber is bounded. In particular, when the orbifold X is suﬃciently collapsed,
Z is almost ﬂat, so it is an infranilmanifold by Gromov’s theorem, [17]. As in [5], we have
Lemma 1.17. The ﬁber Z is indeed a nilmanifold, Γ \N.
Proof. We follow the notation of Lemma 1.10. Assume there is a small loop γ at u ∈ F X(x, r) ⊂ F X . By a short homotopy
as in [4], we can assume it is a geodesic loop. We lift this loop to γˆ ⊂ Fˆ M , and get a path from uˆ to uˆ1.
The parallel translation on γˆ is roughly the following. Take the normal coordinate system on Br(pˆ) ⊂ T Mp˜ , the tangent
space of M at p˜ with pull back metric. Then ﬁx a coordinate system on SO(n). Using these coordinates, we can identify
Fˆ M(pˆ, r) with the product Br(0,Rn) × SO(n). Because the curvature is bounded, parallel translations along short paths, like
γˆ , are very close to the identity map
(x,α) → (x,α), (1.18)
here (x,α) are tangent vectors of FM(pˆ, r), written under the above coordinate of Br(0,Rn) × SO(n).
Recall there is an element σ ∈ Θ that brings uˆ to uˆ1. Observe, by construction of Θ , such σ is the lift by differential
of an isometry σ deﬁned on Br(pˆ) ⊂ T p˜M . Again, take a normal coordinate system on Br(pˆ) ⊂ T Mp˜ . Since uˆ1 is close to uˆ
(both can be viewed as frames at points of Br(pˆ) ⊂ T M ), σ must be almost a translation, i.e. x → x+x, under the normalp˜
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holonomy of γ is small, say  0.47.
The conclusion follows from the fact that there exist short loops with holonomy > 0.47, unless the infranilmanifold is a
nilmanifold. See [4,17]. 
2. The nilpotent Killing structure
Near every point x ∈ X , we have an equivariant ﬁbration Zx → F X(x, rx) → Y . Each ﬁber Z is diffeomorphic to a nilman-
ifold Γ \N . Left invariant vector ﬁelds on N descends to Γ \N . An aﬃne structure on Z can be viewed as a diffeomorphism
Γ \N → Z , i.e. a way to specify left invariant vector ﬁelds on Z .
Right multiplications on N descend to Γ \N because they commute with left multiplications. Since xa = a(a−1xa), right
multiplications are aﬃne transformations. So the group Aff(Γ \N) of aﬃne transformations of Γ \N contains NR , the sub-
group of all right multiplications by elements in N . Let Aff0(Γ \N) be the identity component of Aff(Γ \N). One can prove
that
Aff0(Γ \N) = NR/(CN ∩ Γ ), (2.1)
where CN is the center of N . See (4.1.1)–(4.1.4) in [5].
In [5, Section 3], it was proved that the diffeomorphism Γ \N → Z can be made canonical. Therefore, given any local
section τ over V ⊂ Y of p : F X → Y , we have a canonical way to identify p−1(V ) with V × (Γ \N), where the τ (y) is iden-
tiﬁed with (y, e), y ∈ Y . So we can identify neighboring ﬁbers. This identiﬁcation is well deﬁned up to right multiplications,
by (2.1).
In particular, locally the right invariant vector ﬁelds on (a neighborhood of) Z are well deﬁned. They are Killing ﬁelds
for the standard left invariant metrics on the ﬁbers, form the action of a sheaf of nilpotent Lie algebras N on F X(x, rx).
SO(n) acts on F X by isometry, so it preserves the canonical aﬃne structure on Z . Since SO(n) is connected, on each ﬁber
the SO(n) action is right multiplication (not well deﬁned) by the action of N: as above we identify a ﬁber Z with a (nearby)
ﬁber ZetW , where W ∈ so(n). Thus we can project N down to a sheaf n on Br(x)(x) ⊂ X = F X(x, rx)/SO(n). Moreover, since
the action of SO(n) brings ﬁber to ﬁber, X is partitioned into the union of orbits, Ox . Each Ox is the projection of a Z ﬁber.
Globally, one can make these local ﬁbration structures compatible in the sense of both topology and aﬃne structure, i.e.,
when F X(x, rx) ∩ F X(z, rz) = ∅, then one ﬁbration, say Zx , is a subﬁbration of the second, Zz . For orbifolds, it is important
that the SO(n) equivariance of the ﬁbration can be preserved. See [5, Sections 5, 6, 7]. Therefore the sheaves N (and n) can
be deﬁned on F X (and on X ). Push the invariant metric on F X to X so that the projection π : F X → X is a Riemannian
submersion.
Lemma 2.2.Ox is a quotient of nilmanifold by the action of a ﬁnite group. In particular,Ox is good (in the sense of Thurston).
Proof. Take Q ∈ SO(n) that is not identity. Let u ∈ Zx , if uQ is in the same ﬁber Zx , then Q is a diffeomorphism of Zx to
itself. The set of such Q ,
I(x) = {Q ∈ SO(n) ∣∣ ZxQ = Zx
}
, (2.3)
is a closed subgroup of SO(n). Let I0 be the identity component of I . By (2.1), we have the inclusion
I0(x) ⊂ NR/(CN ∩ Γ ), (2.4)
so on Zx we can view I0(x) as right multiplications.
Consider the projection pj : N → N/(CN ∩Γ ). Let I˜0 be the identity component of pj−1(I0). So I˜0 is a closed subgroup of
N , we have
I0 = I˜0/( I˜0 ∩ CN ∩ Γ ). (2.5)
I˜0 is a simply connected nilpotent Lie group with a cocompact, normal, discrete subgroup I˜0 ∩ CN ∩Γ ; by Malcev’s theorem
I˜0 is abelian, so I0 is a torus. Notice, if γ ∈ Γ commutes with Γ , then logγ is in the center of N. So the Lie algebra of I˜0,
spanned by I˜0 ∩ CN ∩ Γ , is in the center of N.
Therefore the orbit of I0 in Z is a closed torus corresponds to a Lie subalgebra in the center of N. The orbit O is Z/I0
quotient by the action of the ﬁnite group I/I0. We have the ﬁbration
I0 = T −→ Zx −→ Oˇx, (2.6)
here Oˇx = Z/I0 is also a nilmanifold, and an |I/I0| fold orbifold covering of Ox ⊂ X . 
Lemma 2.7. I/I0 acts on Oˇq = O˜/I0 by aﬃne transformations.
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W1,W2, . . . . Each W j is in the center c of N. We can also view W j as a vector in so(n).
Take f ∈ I − I0. Denote by RetW j the right multiplication by etW j . Notice I0 is a normal subgroup of I . So f RetW j f −1 ∈ I0.
Compute
f R
etW j
f −1(z) = f ( f −1(z)etW j ) = f ( f −1(z))etW ∗j = zetW ∗j ; (2.8)
here the second equal sign follows from the fact f is an aﬃne automorphism; remember W j ∈ c implies W is bi-invariant.
Write W ∗j = f∗W j ∈ c. Because z → zetW
∗
j is in I0, W ∗j is in the span of W1,W2, . . . .
So f maps the Lie algebra of I0 to itself; we get a descended aﬃne action of I/I0 on Z/I0. 
Lemma 2.9. Every orbitO is of positive dimension.
Proof. Consider any one parameter subgroup exptW in I0. Given z ∈ Z , the orbit z exptW is an integral curve of a bi-
invariant vector ﬁeld in Z . On the other hand, the exptW action is a subaction of the SO(n) action on F X , so any closed
one-dimensional orbit γ must have length
|γ | ∼ L−1, (2.10)
where L is the bound of Gx in (0.4).
It is well known, see [4,5], that the shortest nontrivial loop in Z must be in the center of Z (i.e. the torus C/(Γ ∩ C)),
the length of this loop is 2 times injectivity radius of Z , which is much smaller than L−1. So some closed integral curve
of a bi-invariant vector ﬁeld in the torus C/(Γ ∩ C) cannot be an integral curve of the I0 action. In particular, c = the Lie
algebra of I0. So O is of positive dimension. 
Remark 2.11. The above lemma used the bound in Gx in an essential way. In fact, the conclusion fails without this bound;
see Example 1.14.
Following Appendix 1 in [5], the dimension of Y is at least n(n−1)/2. Moreover, the SO(n) action on Y is locally effective,
i.e. with discrete kernel.
Away from the singular locus of X , each local section (viewed as vector ﬁeld) of N on F X is π -related to a local section
of n on X , where π : F X → X is the projection. For each x ∈ X , take a small neighborhood Bs(x) so that Bs(x) is the quotient
of a Euclidean ball Bs(0) by the action of a group Gx , as in (0.1). We can lift the sheaf N to F Bs(0). By projection, this gives
a sheaf n′ deﬁned everywhere on Bs(0). In particular the n action of X can be lifted to a smooth action on Bs(0).
Now for x ∈ X , take the neighborhood Ux that contains the ball Br(x)(x) so that Ux = Gx\Mx , where Mx is a manifold
as in (1.1). X is collapsed at this scale. Since Bs(0) above is embedded in Mx , this deﬁnes a sheaf n′ on Mx . Let Uˆ be the
universal covering space of Mx . We lift n′ to a sheaf on Uˆ , which deﬁnes the action of a simply connected nilpotent Lie
group N on Uˆx . Se we get a nilpotent Killing structure of positive rank on X , this proves Theorem 0.3.
3. The F-structure
A point u ∈ F X may belong to the domains of several different ﬁbrations, which gives a sequence of sheaves
N1 ⊃ N2 ⊃ · · · ⊃ Nk. (3.1)
By abusing language, we use the same N to denote a ﬁbration, its ﬁber Z = Γ \N , and the Lie algebra of N (as sheaf and as
vector ﬁelds). Let Ci , C j be the centers of Ni ⊃ N j , it is not clear if we have C1 ⊃ C2 or C2 ⊃ C1.
Consider the shortest aﬃne loop (i.e. closed geodesic with respect to the left invariant connection) γ in N1. It is well
known that Nk must contain a nontrivial loop of length < 2.1 ·DiamNk , so |γ | < 2.1 ·DiamNk . By construction, DiamNk is
much smaller than the injectivity radius of Yk , so γ is also in Nk . By Gromov’s commutator estimate [4, 2.4.4], γ is in the
center of N1, . . . ,Nk .
On X , ﬁrst consider the union of the open sets D1 on which N has the highest dimension. Let c1 be its center. Then
consider each of the open sets D2 of the second highest dimension that has nonempty intersection with D1, let c2 be
the intersection of c1 with the center of N2; if D2 is an open set that does not intersect D1, let c2 be the center of N2.
Continue. Deﬁne
c(x) = ci, i is the minimal integer so that x ∈ Ui . (3.2)
So c is a sheaf. By abusing of language, we also denote by c the (projected) sheaf on X . By the previous paragraph, c is of
positive dimension on F X .
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Assume A, B are subgroups in N. Assume Γ ∩ A is uniform in A, Γ ∩ B is uniform in B. Then Γ ∩ (A ∩ B) is uniform in A ∩ B.
If, in addition, A is normal in N, then Γ ∩ (AB) is uniform in AB. If both A, B are normal in N, then Γ ∩ ([A, B]) is uniform in
[A, B].
For a proof, see [10, Chapter 5]. This implies that c corresponds to a torus C in the ﬁber Z , C ∩ Γ is cocompact in C. In
particular, the orbits of c are closed.
Lemma 3.4. Any orbit of c is of positive dimension.
Proof. By construction, on any N orbit Z = Γ \N in F X , Γ ∩ c contains an element γ whose distance to e ∈ N is 
2.1 · DiamNk , where k is the biggest integer so that x ∈ Dk . This implies there is a closed integral curve of a right invariant
vector ﬁeld in c whose length is  2.1 ·DiamNk . As in Theorem 2.9, this cannot be in the isotropy group I , so the orbits of
c are of positive dimensions. 
An orbit Ox of c is the quotient of Rk by the action of a crystallographic group Ψ . The Bieberbach theorem says there is
an exact sequence
0−→ Zk −→ Ψ −→ F −→ 0, (3.5)
where Zk is a lattice group, F is a ﬁnite group. Now c generates a global action of R j on Uˆx , as in the end of the previous
section. In particular the orbit Oˆx of this action has no holonomy. Therefore we see π1(Oˆx) ⊂ Zk . So near Oˆx , if we quotient
by the action of Zk/π1(Oˆx) we get an orbifold covering O˜ of a neighborhood O (Ox). c has a local action on O˜ ; the orbit of
this action that projects to Ox is a torus O˜x .
Recall that c corresponds to a torus C in the ﬁber Z . C has a local action on O (Ox) ⊂ X . Let A ∈ c be any vector so
that exp A = e ∈ C, where the torus C is being viewed as an abelian Lie group and e is its identity element. If x′ ∈Ox , then
(exp A)x′ = x′; here for any regular point x′ ∈O , (exp At)x′ is deﬁned for small t by the local action of sheaf c; as we have
seen in the end of the previous section, this action can be extended to t = 1 and get (exp A)x′ .
Take a surface S that is transversal to Ox . Let S˜1, . . . , S˜N be the preimage of S in the covering O˜ , so they are transversal
to T . Notice exp A as above moves one Si to some S j , therefore we can ﬁnd a ﬁnite covering C˜, of the torus C, that acts on
O˜x as well as on O˜ . This concludes the proof of Theorem 0.6.
Remark 3.6. If the F-structure is pure polarized, then one can shrink the orbit direction as in [6] to get a sequence of
collapsing metrics gn so that Vol(X, gn) → 0. Since we worked at the biggest scale r(x) so that Br(x)(x) is a global quotient,
see (1.1), (1.9), even if we have a uniform bound in diameter of X , the F-structure we get may not be pure, cf. [8]. To get a
local volume collapsing, one can apply sliced polarization in [6]; details will be addressed elsewhere.
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